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ABSTRACT:This paper shows that mixed multiplicities and the mul-
tiplicity of Rees modules of good filtrations and that of their reductions
are the same. As an application of this result, we obtain interesting
results on mixed multiplicities and the multiplicity of Rees modules.
1 Introduction
In past years, mixed multiplicities and the multiplicity of Rees modules have at-
tracted much attention (see e.g. 2, 6−9, 13−31). However up to now, results on
the relationship between mixed multiplicities (multiplicities of Rees modules) and
mixed multiplicities (multiplicities of Rees modules) of reductions, even in the case
of ideals, are still restricted. In this paper, wishing to have broader applications, we
consider this problem in the context of good filtrations.
Let (A,m) be a Noetherian local ring with maximal ideal m; M be a finitely
generated A-module. A filtration of ideals F = {(F )n}n>0 in A is a decreasing chain
of ideals A = (F )0 ! (F )1 ⊇ · · · ⊇ (F )n · · · such that (F )m(F )n ⊆ (F )m+n for all
m,n > 0. For any ideal I of A, the filtration {In}n>0 determined by the powers of
I is called the I-adic filtration. Let I1, . . . , Is be ideals and F1 = {(F1)n}n>0, . . . ,
Fs = {(Fs)n}n>0 be filtrations in A. Put
n = (n1, . . . , ns);k = (k1, . . . , ks); 0 = (0, . . . , 0); 1 = (1, . . . , 1);
nk = nk11 · · ·nkss ;k! = k1! · · · ks!; |k| = k1 + · · ·+ ks;
I = I1, . . . , Is; I
[k] = I
[k1]
1 , . . . , I
[ks]
s ; I
n = In11 · · · Inss ;
F = F1, . . . , Fs; F
[k] = F
[k1]
1 , . . . , F
[ks]
s ; Fn = (F1)n1 · · · (Fs)ns.
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2Set T n = tn11 · · · tnss , here ti is a variable over A for all i = 1, . . . , s. Denote by
R(I;A) =
⊕
n>0
InT n and R(I;M) =
⊕
n>0
InMT n
the multi-Rees algebra and the multi-Rees module of the ideals I with respect toM ,
respectively; and by R(F;A) =
⊕
n>0 FnT
n and R(F;M) =
⊕
n>0 FnMT
n the
multi-Rees algebra and the multi-Rees module with respect to M of the filtrations
F, respectively. Set R(I;A)+ =
⊕
|n|>0 I
nT n and R(F;A)+ =
⊕
|n|>0 FnT
n.
A filtration F is called an I-good filtration if I(F )n ⊆ (F )n+1 for all n > 0 and
(F )n+1 = I(F )n for all large n. In this case, I is also called a reduction of F . The
filtration F is called a good filtration if it is an I-good filtration for some ideal I. A
filtration F is called m-primary if (F )1 is an m-primary ideal. Let F be an m-primary
good filtration and F be good filtrations of ideals in A such that I = (F1)1 · · · (Fs)1
is not contained in
√
AnnM . Set q = dimM/0M : I
∞. Then the paper shows
that ℓA
(
(F )n0FnM
(F )n0+1FnM
)
is a polynomial of total degree q − 1 in n0,n for all large
n0,n (see Proposition 2.2). Now if we write the terms of total degree q − 1 in this
polynomial in the form
∑
k0+|k|=q−1
e(F [k0+1],F[k];M)
n
k0
0
nk
k0!k!
, then e(F [k0+1],F[k];M)
are non-negative integers not all zero. And e(F [k0+1],F[k];M) is called the mixed
multiplicity of M with respect to the good filtrations F,F of the type (k0 + 1,k).
Remember that in the case where F is a J-adic filtration and Fi is an Ii-adic filtration
for all i = 1, . . . , s, e(F [k0+1],F[k];M) is denoted by e(J [k0+1], I[k];M) and called the
mixed multiplicity of M with respect to the ideals J, I of the type (k0 + 1,k) (see
e.g. [9, 17, 24]). And as one might expect, we obtain the following result which is
also the main theorem of this paper.
Theorem 1.1 (Theorem 2.3). Let F be an m-primary good filtration and F be good
filtrations of ideals in A such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM .
Let J, I1, . . . , Is be reductions of F, F1, . . . , Fs, respectively. Let I be an m-primary
ideal of A. Then the following statements hold.
(i) e(F [k0+1],F[k];M) = e(J [k0+1], I[k];M).
(ii) Assume that ht
I +AnnM
AnnM
> 0. Then we have
e((I,R(F;A)+);R(F;M)) = e((I,R(I;A)+);R(I;M)).
Now, if R(I;A) denotes the integral closure of the Rees algebra R(I;A) = A[It]
in the polynomial ring A[t], then applying Theorem 1.1, we obtain the following.
3Corollary 1.2 (Corollary 2.4). Let A be an analytically unramified ring and I an
ideal of positive height of A. Then e(R(I;A)) = e(R(I;A)).
Moreover, using Theorem 1.1, we easily obtain results for multiplicities of good
filtrations: expressing mixed multiplicities of modules in terms of the multiplicity
of joint reductions (Corollary 2.5); the multiplicity of Rees modules as the sum of
the mixed multiplicities (Corollary 3.1); the additivity on exact sequences (Corollary
3.2) and the additivity and reduction formula (Corollary 3.3) for mixed multiplicities
and the multiplicity of Rees modules; the relationship between mixed multiplicities
of modules and mixed multiplicities of rings via the rank of modules (Corollary 3.4).
This paper is divided into three sections. In Section 2, first we define mixed mul-
tiplicities of good filtrations (see Proposition 2.2); next we prove the main theorem
(Theorem 2.3) and give Corollary 2.4 and Corollary 2.5. Section 3 discusses some
applications of Theorem 2.3 to formulas for mixed multiplicities and multiplicities
of Rees modules (see Corol. 3.1, Corol. 3.2, Corol. 3.3, Corol. 3.4).
2 Mixed multiplicities and multiplicities of Rees modules
In this section, first we give Proposition 2.2 which is used for defining mixed mul-
tiplicities of good filtrations, and prove the main theorem (Theorem 2.3) and give
some applications of this theorem to multiplicities of good filtrations.
(A,m) denotes a Noetherian local ring with maximal ideal m. Recall that a fil-
tration of ideals F = {(F )n}n>0 in A is a decreasing chain of ideals
A = (F )0 ! (F )1 ⊇ · · · ⊇ (F )n · · ·
such that (F )m(F )n ⊆ (F )m+n for all m,n > 0. For any ideal I of A, the filtration
{In}n>0 determined by the powers of I is called the I-adic filtration. Let I be an
ideal of A and let F = {(F )n}n>0 be a filtration of ideals in A. Then we say that
F is an I-good filtration if I(F )n ⊆ (F )n+1 for all n > 0 and (F )n+1 = I(F )n for all
sufficiently large n. In this case, I ⊆ (F )1. If F is an I-good filtration, then I is
called a reduction of F . The filtration F is called a good filtration if it is an I-good
filtration for some ideal I of A. It is easily seen that F is a good filtration if and only
if F is an (F )1-good filtration and in this case, (F )1 is a reduction of F . There are
numerous examples of non-ideal-adic good filtrations: for an ideal I of A containing
a non-zero-divisor, {I˜n}n>0 is a good filtration, where I˜n is the Ratliff-Rush closure
of In (see [10, Theorem 2.1]). Furthermore, if A is an analytically unramified ring,
then {In}n>0 is an I-good filtration (see [12]) and if A is an analytically unramified
4ring containing a field, then {(In)∗}n>0 is an I-good filtration, here In and (In)∗
denote the integral closure and tight closure of In, respectively (see [5, Ch. 13]).
A filtration F = {(F )n}n>0 is m-primary if (F )1 is an m-primary ideal. Note that
m-primary filtrations are sometimes called Hilbert filtrations (see e.g. [4]).
Let M be a finitely generated A-module and I1, . . . , Is be ideals of A. Let
F1 = {(F1)n}n>0, . . . , Fs = {(Fs)n}n>0
be filtrations in A (s > 0). Set
n = (n1, . . . , ns);k = (k1, . . . , ks); 0 = (0, . . . , 0); 1 = (1, . . . , 1) ∈ Ns;
nk = nk11 · · ·nkss ;k! = k1! · · ·ks!; |k| = k1 + · · ·+ ks;
I = I1, . . . , Is; I
[k] = I
[k1]
1 , . . . , I
[ks]
s ; I
n = In11 · · · Inss ;
F = F1, . . . , Fs; F
[k] = F
[k1]
1 , . . . , F
[ks]
s ; Fn = (F1)n1 · · · (Fs)ns.
Put T n = tn11 · · · tnss , here ti is a variable over A for all i = 1, . . . , s. Denote by
R(I;A) =
⊕
n>0
InT n and R(I;M) =
⊕
n>0
InMT n
the multi-Rees algebra and the multi-Rees module with respect to M of the ideals
I, respectively; and by
R(F;A) =
⊕
n>0
FnT
n and R(F;M) =
⊕
n>0
FnMT
n
the multi-Rees algebra and the multi-Rees module of the filtrations F with respect
to M , respectively. Set R(I;A)+ =
⊕
|n|>0 I
nT n and R(F;A)+ =
⊕
|n|>0 FnT
n.
Let F : F1 = {(F1)n}n>0, . . . , Fs = {(Fs)n}n>0 be good filtrations of ideals in A
such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM and F = {(F )n}n>0 be an
m-primary good filtration. Now, we consider the Ns+1-graded algebra:
S =
⊕
n0>0,n>0
(F )n0Fn
(F )n0+1Fn
and the Ns+1-graded S-module: M =⊕n0>0,n>0 (F )n0FnM(F )n0+1FnM . Then we get the Bhat-
tacharya function of M (see [1])
B(n0,n;F,F;M) = ℓA
( (F )n0FnM
(F )n0+1FnM
)
.
5Note that S is not a standard graded algebra. This is an obstruction for proving
B(n0,n;F,F;M) is a polynomial for all large n0,n. So we need the following note
which plays an important role in the approach of this paper.
Note 2.1. For n > 1, set In = (F )n(F1)n · · · (Fs)n. Assume that J, I1, . . . , Is are
reductions of F, F1, . . . , Fs, respectively. Then there exists a large enough positive
integer c such that (F )n0+c = J
n0(F )c, (Fi)ni+c = I
ni
i (Fi)c for all n0, ni and all
i = 1, . . . , s. Thus (F )n0+cFn+c1 = J
n0InIc for all n0,n. So
(F )n0+cFn+c1M
(F )n0+1+cFn+c1M
=
Jn0InIcM
Jn0+1InIcM ,
and hence
B(n0 + c,n+ c1;F,F;M) = B(n0,n; J, I; IcM)
for all n0,n, here B(n0,n; J, I; IcM) = ℓA
( Jn0InIcM
Jn0+1InIcM
)
.
Using Note 2.1, we prove the following proposition.
Proposition 2.2. Let F be an m-primary good filtration and F be good filtrations
such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM . Set q = dimM/0M : I
∞.
Then B(n0,n;F,F;M) is a polynomial of degree q − 1 in n0,n for all large n0,n.
Proof. Let J, I1, . . . , Is be reductions of F, F1, . . . , Fs, respectively. Then it is easily
to see that 0M : (I1 · · · Is)∞ = 0M : I∞. By Note 2.1, there exists a positive integer
c such that
B(n0 + c,n+ c1;F,F;M) = B(n0,n; J, I; IcM)
for all n0,n. Since B(n0,n; J, I; IcM) is a polynomial in n0,n for all large n0,n by
[3, Theorem 4.1] and this polynomial has degree: dim IcM/0IcM : I∞ − 1 by [17,
Proposition 3.1 (i)] (see [9]), it is easily seen that B(n0,n;F,F;M) is a polynomial of
degree dim IcM/0IcM : I∞−1 for all large n0,n. Note that (0M : I∞) : Ic = 0M : I∞.
Therefore
dim IcM/0IcM : I∞ = dimA/(0M : I∞) : IcM = dimA/(0M : I∞ : Ic) : M
= dimA/(0M : I
∞) : M = dimM/0M : I
∞ = q.
Hence B(n0,n;F,F;M) is a polynomial of degree q − 1 for all large n0,n.
With assumptions as in Proposition 2.2, B(n0,n;F,F;M) is a polynomial of
degree q − 1 for all large n0,n. Denote by P (n0,n;F,F;M) this polynomial. Write
6the terms of total degree q − 1 in the polynomial P (n0,n;F,F;M) in the form
∑
k0+|k|=q−1
e(F [k0+1],F[k];M)
nk00 n
k
k0!k!
,
then it is easily seen that e(F [k0+1],F[k];M) are non-negative integers not all zero.
We call e(F [k0+1],F[k];M) the mixed multiplicity of M with respect to the good
filtrations F,F of the type (k0 + 1,k).
In the case that Fi is an Ii-adic filtration for all i = 1, . . . , s and F is a J-adic fil-
tration, where J is an m-primary ideal and I1 · · · Is is not contained in
√
AnnM , then
e(F [k0+1],F[k];M) is denoted by e(J [k0+1], I[k];M) and called the mixed multiplicity
of M with respect to the ideals J, I of the type (k0 + 1,k) (see e.g. [9, 17, 24]).
Then the main result of this paper is the following theorem.
Theorem 2.3. Let F be an m-primary good filtration and F be good filtrations of
ideals in A such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM . Let J, I1, . . . , Is
be reductions of F, F1, . . . , Fs, respectively. Let I be an m-primary ideal of A. Then
the following statements hold.
(i) e(F [k0+1],F[k];M) = e(J [k0+1], I[k];M).
(ii) Assume that ht
I +AnnM
AnnM
> 0. Then we have
e((I,R(F;A)+);R(F;M)) = e((I,R(I;A)+);R(I;M)).
Proof. The proof of (i): From Note 2.1, there exists a positive integer c such that
B(n0 + c,n+ c1;F,F;M) = B(n0,n; J, I; IcM)
for all n0,n, here Ic = (F )c(F1)c · · · (Fs)c. Hence by the definition of the mixed
multiplicities, we get
e(F [k0+1],F[k];M) = e(J [k0+1], I[k]; IcM). (1)
Note that 0M : (I1 · · · Is)∞ = 0M : I∞. Set
M = M/0M : I
∞.
By [9, Proposition 3.1 (ii)] (see [17, Proposition 3.1 (ii)]), we have
e(J [k0+1], I[k]; IcM) = e(J [k0+1], I[k]; IcM). (2)
7Consider the short exact sequence of A-modules:
0→ IcM → M → M/IcM → 0.
Since AnnM : Ic = AnnM , it follows that htIc +AnnM
AnnM
> 0. Hence
dimM/IcM < dimM.
So by the additivity of mixed multiplicities [29, Corollary 3.9 (ii)(a)], we get
e(J [k0+1], I[k]; IcM) = e(J [k0+1], I[k];M). (3)
Also by [9, Proposition 3.1 (ii)] (see [17, Proposition 3.1 (ii)], we obtain
e(J [k0+1], I[k];M) = e(J [k0+1], I[k];M). (4)
Therefore, by (1), (2), (3) and (4), we have
e(F [k0+1],F[k];M) = e(J [k0+1], I[k];M).
The proof of (ii): Set U = (I,R(I;A)+) and V = (I,R(F;A)+). At first as in
Note 2.1, there exists a positive integer c such that Fn+c1 = I
nIc for all n, here
Ic = (F1)c · · · (Fs)c.
So it can be verified that IcR(F;M) = R(I; IcM) and V
nIcR(F;M) = U
nR(I; IcM)
for all n ≥ 1. Hence R(I; IcM)
UnR(I; IcM)
=
IcR(F;M)
VnIcR(F;M)
for all n ≥ 1. Now, for any
n ≥ 1, assume that ℓR(F;A)
(
IcR(F;M)
VnIcR(F;M)
)
= u. Then there exists a composition
series
0 =M0 ⊆M1 ⊆M2 ⊆ · · · ⊆ Mu = IcR(F;M)
VnIcR(F;M)
(5)
of the R(F;A)-module
IcR(F;M)
VnIcR(F;M)
, i.e., Mi+1/Mi ∼= R(F;A)/(m,R(F;A)+) for
all 0 ≤ i ≤ u−1. SinceR(I;A)/(m,R(I;A)+) ∼= A/m ∼= R(F;A)/(m,R(F;A)+) and
R(I; IcM)
UnR(I; IcM)
=
IcR(F;M)
VnIcR(F;M)
is also an R(I;A)-module, it follows that the com-
position series (5) is also a composition series of the R(I;A)-module
R(I; IcM)
UnR(I; IcM)
.
Consequently ℓR(I;A)
(
R(I; IcM)
UnR(I; IcM)
)
= u. From this it follows that
ℓR(F;A)
(
IcR(F;M)
VnIcR(F;M)
)
= ℓR(I;A)
(
R(I; IcM)
UnR(I; IcM)
)
8for all n. Therefore
e(V; IcR(F;M)) = e(U;R(I; IcM)). (6)
By the assumption ht
I +AnnM
AnnM
> 0, it implies that ht
Ic +AnnM
AnnM
> 0. So
dimM/IcM < dimM.
Hence from the short exact sequence of A-modules: 0→ IcM →M → M/IcM → 0,
we get
e(U;R(I; IcM)) = e(U;R(I;M)) (7)
by [29, Corollary 3.9 (ii)(b)] on the additivity of multiplicities of Rees modules. Since
ht
Ic +AnnM
AnnM
> 0, we have dimR(F;M)/IcR(F;M) < dimR(F;M). Therefore
from the short exact sequence of R(F;A)-modules:
0→ IcR(F;M)→ R(F;M)→ R(F;M)/IcR(F;M)→ 0,
it follows that
e(V; IcR(F;M)) = e(V;R(F;M)) (8)
(see e.g. [5, Theorem 11.2.3]). Consequently, by (6), (7) and (8), we obtain
e(V;R(F;M)) = e(U;R(I;M)).
A version of Theorem 2.3 (i) for the case of reductions of ideals in Noetherian local
rings was proved by Viet in [20, Theorem 4.1] by a different approach. Theorem
2.3 is an important key which help us to obtain the following results for mixed
multiplicities and the multiplicity of Rees modules by short arguments.
Let I be an ideal of A and t a variable over A, and R(I;A) = A[It] the Rees
algebra of I. Denote by R(I;A) the integral closure of A[It] in the polynomial ring
A[t]. Then R(I;A) =
⊕
n≥0 I
ntn (see [5, Proposition 5.2.1]). Moreover, if A is an
analytically unramified ring, then {In}n>0 is an I-good filtration (see [12]). In this
case, I is a reduction of {In}n>0. Hence if we assume further that htI > 0, then
e(R(I;A)) = e(R(I;A)) by Theorem 2.3 (ii). We get the following result.
Corollary 2.4. Let A be an analytically unramified ring and I an ideal of positive
height of A. Then e(R(I;A)) = e(R(I;A)).
9Let I1 be a sequence consisting k1 elements of (F1)1, . . . , Is be a sequence con-
sisting ks elements of (Fs)1 with k1, . . . , ks ≥ 0. Put (∅) = 0A and R = I1, . . . , Is.
For any 1 ≤ i ≤ s, set εi = (1, . . . , 1, 0, 1, . . . , 1) ∈ Ns (the ith coordinate is 0).
Then R is called a joint reduction of filtrations F with respect to M of the type
k = (k1, . . . , ks) if Fn+1M =
∑s
i=1(Ii)Fn+εiM for all large n. Recall that the concept
of joint reductions of m-primary ideals was given by Rees in 1984 [13]. This concept
was extended to the set of arbitrary ideals by [11, 19, 20, 25, 31].
We obtain the following corollary on expressing mixed multiplicities of modules
with respect to filtrations in terms of the multiplicity of their joint reductions, which
is an extension of [25, Theorem 3.1] and [13, Theorem 2.4].
Corollary 2.5. Let F be an m-primary good filtration and F be good filtrations in
A. Set dimM = d and I = (F1)1 · · · (Fs)1. Assume that ht
(I +AnnAM
AnnAM
)
= h > 0
and k0 ∈ N, k = (k1, . . . , ks) ∈ Ns such that k0 + |k| = d − 1 and |k| < h.
Let R = I0, I1, . . . , Is be a joint reduction of F,F with respect to M of the type
(k0 + 1,k) such that R is a system of parameters for M. Then
eA(F
[k0+1],F[k];M) = eA(R;M).
Proof. For each i = 1, . . . , s, set Ii = (Fi)1 and I0 = (F )1. Since I0, I1, . . . , Is are
reductions of F,F, there exists a large enough positive integer c such that
(F )n0+cFn+c1 = I
n0
0 I
nIc
for all n0,n, here Ic = (F )c(F1)c · · · (Fs)c (see Note 2.1). Then by the assumption
that R is a joint reduction of F,F with respect to M , we have
In0+10 I
n+1IcM = (F )n0+c+1Fn+(c+1)1M
=
s∑
i=0
(Ii)(F )n0+c+uiFn+c1+εiM =
s∑
i=0
(Ii)I
n0+ui
0 I
n+εiIcM
for all large n0,n, here ε0 = 1 ∈ Ns, εi = (1, . . . , 1, 0, 1, . . . , 1) ∈ Ns (the ith
coordinate is 0) and u0 = 0, ui = 1 for all 1 ≤ i ≤ s. Thus
In0+10 I
n+1IcM =
s∑
i=0
(Ii)I
n0+ui
0 I
n+εiIcM
for all large n0,n. Hence R is a joint reduction of I0, I with respect to IcM .
Recall that I = (F1)1 · · · (Fs)1, Ic = (F )c(F1)c · · · (Fs)c, (F )c is m-primary, and
ht
I +AnnM
AnnM
= h > 0. Hence dimM = dim IcM and htI +AnnIcM
AnnIcM = h. So by
10
[25, Theorem 3.1], we get e(I
[k0+1]
0 , I
[k]; IcM) = eA(R; IcM). Moreover, by (1) in the
proof of Theorem 2.3 (i), we have e(F [k0+1],F[k];M) = e(I
[k0+1]
0 , I
[k]; IcM). Therefore
e(F [k0+1],F[k];M) = eA(R; IcM).
Since ht
I +AnnM
AnnM
> 0, ht
Ic +AnnM
AnnM
> 0. So dimM/IcM < dimM. Hence from
the short exact sequence of A-modules: 0→ IcM → M → M/IcM → 0, it follows
that eA(R; IcM) = eA(R;M) (see e.g. [5, Theorem 11.2.3]). Consequently we
obtain e(F [k0+1],F[k];M) = eA(R;M).
3 On some formulas for multiplicities
Continuing to apply the main theorem (Theorem 2.3), in this section, we give some
formulas for transforming mixed multiplicities and multiplicities of Rees modules of
good filtrations.
Keep the notations in Theorem 2.3. Let J be a reduction of F . We choose
the reductions I1 = (F1)1, . . . , Is = (Fs)1 of filtrations F1, . . . , Fs, respectively. Set
dimM = d and I = (F1)1 · · · (Fs)1. If htI +AnnM
AnnM
> 0, then by [3, Theorem 4.4]
which is a generalized version of [16, Theorem 1.4] (see [29]), we have
e
((
J,R(I;A)+
)
;R(I;M)
)
=
∑
k0 + |k|= d−1
e
(
J [k0+1], I[k];M
)
.
On one hand, by Theorem 2.3 (ii), we get
e
((
J,R(F;A)+
)
;R(F;M)
)
= e
((
J,R(I;A)+
)
;R(I;M)
)
.
On the other hand, by Theorem 2.3 (i), it follows that∑
k0 + |k|= d−1
e
(
F [k0+1],F[k];M
)
=
∑
k0 + |k|= d−1
e
(
J [k0+1], I[k];M
)
.
Hence we obtain the following result.
Corollary 3.1. Let F be an m-primary good filtration and F be good filtrations.
Let J be a reduction of F . Set dimM = d and I = (F1)1 · · · (Fs)1. Assume that
ht
I +AnnM
AnnM
> 0. Then
e
((
J,R(F;A)+
)
;R(F;M)
)
=
∑
k0 + |k|= d−1
e
(
F [k0+1],F[k];M
)
.
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The next corollary is the additivity on exact sequences of mixed multiplicities and
the multiplicity of Rees modules of filtrations. Let W1,W2,W3 be finitely generated
A-modules and 0 −→ W1 −→ W3 −→ W2 −→ 0 be a short exact sequence of A-
modules. For any i = 1, 2, 3, set W i =
Wi
0Wi : I
∞
. Suppose that I = (F1)1 · · · (Fs)1 is
not contained in
√
AnnWi for all i = 1, 2, 3.
From Theorem 2.3 and [29, Corollary 3.9] and Corollary 3.1, we get the following
result on the additivity on exact sequences of multiplicities of filtrations.
Corollary 3.2. Keep the above notations. Let I be an m-primary ideal of A. Set
J = (I,R(F;A)+). Assume that k0 ∈ N, k ∈ Ns such that k0 + 1 + |k| = dimW 3.
Then the following statements hold.
(i) If dimW 1 = dimW 2 = dimW 3, then
(a) : e(F [k0+1],F[k];W3) = e(F
[k0+1],F[k];W1) + e(F
[k0+1],F[k];W2).
(b) : If ht
I +AnnWi
AnnWi
> 0 for all i = 1, 2, 3, then
e
(
J;R(F;W3)
)
= e
(
J;R(F;W1)
)
+ e
(
J;R(F;W2)
)
.
(ii) If h 6= k = 1, 2 and dimW 3 > dimW h, then
(a) : e(F [k0+1],F[k];W3) = e(F
[k0+1],F[k];Wk).
(b) : If ht
I +AnnWi
AnnWi
> 0 for all i = 1, 2, 3, then
e
(
J;R(F;W3)
)
= e
(
J;R(F;Wk)
)
.
Proof. The proof of (i)(a) and (ii)(a): We choose the reductions
J = (F )1, I1 = (F1)1, . . . , Is = (Fs)1
of filtrations F, F1, . . . , Fs, respectively. Then by Theorem 2.3 (i), we obtain
e(F [k0+1],F[k];Wi) = e(J
[k0+1], I[k];Wi)
for all 1 ≤ i ≤ 3. Consequently, the part (i)(a) and the part (ii)(a) follow immediately
from [29, Corollary 3.9 (i)(a) and (ii)(a)], respectively.
The proof of (i)(b): Note that since ht
I +AnnWi
AnnWi
> 0, dimW i = dimWi. Hence
dimW1 = dimW2 = dimW3. Set dimWi = d for i = 1, 2, 3 and F = {In}n>0 the
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I-adic filtration. On one hand, by Corollary 3.1, we have
e
(
J;R(F;Wi)
)
=
∑
k0 + |k|= d−1
e
(F [k0+1],F[k];Wi) (9)
for i = 1, 2, 3. On the other hand by (i)(a), it follows that∑
k0 + |k|= d−1
e
(F [k0+1],F[k];W3) = ∑
k0 + |k|= d−1
e
(F [k0+1],F[k];W1)
+
∑
k0 + |k|= d−1
e
(F [k0+1],F[k];W2).
Hence by (9), we obtain e
(
J;R(F;W3)
)
= e
(
J;R(F;W1)
)
+ e
(
J;R(F;W2)
)
. The
proof of (ii)(b): Similarly to the proof of (i)(b), by (9) and (ii)(a), we get (ii)(b).
We also easily prove the following additivity and reduction formulas for mixed
multiplicities and the multiplicity of Rees modules of filtrations which are general-
izations of [29, Theorem 3.2] and [5, Theorem 17.4.8].
Corollary 3.3. Let F be an m-primary good filtration and F be good filtrations in
A such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM . Set M =
M
0M : I∞
.
Denote by Π the set of all prime ideals p of A such that p ∈ Min(A/AnnM) and
dimA/p = dimM. Let I be an m-primary ideal of A. Then we have
(i) e(F [k0+1],F[k];M) =
∑
p∈Π ℓ(Mp)e(F
[k0+1],F[k];A/p).
(ii) If ht
I +AnnM
AnnM
> 0, then
e
(
(I,R(F;A)+);R(F;M)
)
=
∑
p∈Π
ℓ(Mp)e
(
(I,R(F;A)+);R(F;A/p)
)
.
Proof. The proof of (i): Choose the reductions J = (F )1, I1 = (F1)1, . . . , Is = (Fs)1
of filtrations F, F1, . . . , Fs, respectively. Then on one hand by Theorem 2.3 (i), we get
e(F [k0+1],F[k];M) = e(J [k0+1], I[k];M) and e(F [k0+1],F[k];A/p) = e(J [k0+1], I[k];A/p)
for all p ∈ Π. On the other hand by [29, Theorem 3.2], we have
e(J [k0+1], I[k];M) =
∑
p∈Π
ℓ(Mp)e(J
[k0+1], I[k];A/p).
So e(F [k0+1],F[k];M) =
∑
p∈Π ℓ(Mp)e(F
[k0+1],F[k];A/p).
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The proof of (ii): Set dimM = d and F = {In}n>0 the I-adic filtration. By
Corollary 3.1 and (i) we have
e
(
(I,R(F;A)+);R(F;M)
)
=
∑
k0 + |k|= d−1
e
(F [k0+1],F[k];M)
=
∑
k0 + |k|= d−1
(∑
p∈Π
ℓ(Mp)e(F [k0+1],F[k];A/p)
)
=
∑
p∈Π
ℓ(Mp)
( ∑
k0 + |k|= d−1
e(F [k0+1],F[k];A/p)
)
=
∑
p∈Π
ℓ(Mp)e
(
(I,R(F;A)+);R(F;A/p)
)
. 
Denote by U the set of all non-zero divisors of A. Recall that an A-module N
has rank r if U−1N (the localization of N with respect to U) is a free U−1A-module
of rank r.
Now, using Theorem 2.3 (i) and [30, Theorem 3.4] we give the following.
Corollary 3.4. Let F be an m-primary good filtration and F be good filtrations of
ideals in A such that I = (F1)1 · · · (Fs)1 is not contained in
√
AnnM . Suppose that
M has rank r > 0. Then e
(
F [k0+1],F[k];M
)
= e
(
F [k0+1],F[k];A
)
rankAM.
Proof. Choose the reductions J = (F )1, I1 = (F1)1, . . . , Is = (Fs)1 of filtrations
F, F1, . . . , Fs, respectively. Then by Theorem 2.3 (i), we have
e(F [k0+1],F[k];A) = e(J [k0+1], I[k];A)
and e(F [k0+1],F[k];M) = e(J [k0+1], I[k];M). By [30, Theorem 3.4], we obtain
e
(
J [k0+1], I[k];M
)
= e
(
J [k0+1], I[k];A
)
rankAM.
So e
(
F [k0+1],F[k];M
)
= e
(
F [k0+1],F[k];A
)
rankAM.
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